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The phenomenon of natural convection generated by heated and cooled surfaces is ubiquitous. In engineering, for example, the effect is exploited to control transport and reactions in microfluidic devices [1] and in temperature control strategies for nuclear reactors [2] and buildings [3] . In geophysical systems, natural convection due to boundary cooling or heating is prevalent as anabatic and katabatic winds in valleys and over glaciers, respectively [4] , and impacts the melting of icebergs [5] . Despite almost a century of research [6] , although there have been a few studies of the motion of objects floating on the surface of [7] , or immersed within [8] , flows driven by natural convection, studies of boundary-induced natural convection have been restricted to systems with fixed boundaries [9] . Recently it has been demonstrated that a related class of boundary-layer flow, driven by molecular diffusion, can propel objects immersed in a fluid [10] , albeit very slowly. Boundary-layer flows generated via natural convection are typically orders of magnitude stronger than their diffusive counterpart, and therefore have the potential to generate substantially faster propulsion speeds.
To investigate the concept of natural convection driven propulsion, a triangular wedge of length l ¼ 260 mm, slope angle ϕ ¼ 30°and width w ¼ 61 mm was constructed and immersed in a two-layer fluid system, images of which are presented in Fig. 1(a) . The dimensions of the wedge were chosen so that is was much narrower than the experimental tank, to limit the impact of sidewalls, and could accommodate an internal power supply and control electronics. A metal heating pad of length l h ¼ 113.5 mm and also 61 mm in width, flush-mounted in one of the sloping surfaces, was used to generate boundary layer convection. The pad was heated by a remotely activated 21 AE 1 W battery within the wedge. To isolate the wedge from surface tension effects that influence motion of an object floating at a free surface, its density was configured such that it was suspended within a two-layer stratification in an experimental tank 740 mm long, 510 mm wide, and 350 mm deep, with the base of the wedge level with the interface between the upper (ρ ¼ 1000 kg m −3 ) and lower (ρ ¼ 1100 kg m −3 ) fluid layers, lying 50 mm below the free surface [this two-layer arrangement caused a slight optical distortion of the appearance of the wedge when viewed from the side, evident in Fig. 1(a) ].
The wedge was started from rest using a release procedure in which it initially settled within the confines of a cage of several vertical rods. Once the ambient disturbances generated by introducing the wedge into the tank had dissipated (∼45 min) the cage was raised slowly, leaving the wedge drifting free in the quiescent stratification [its center located near the 140 mm tick in Fig. 1(a) ]. As demonstrated by the data in Fig. 1(b) , the unheated wedge remained essentially stationary for around 300 s (although there was some slight motion, on the order of 0.03 mm s −1 , due to unavoidable, weak ambient currents in such a large experimental tank), at which point the heating pad was remotely activated and motion commenced. Afterwards, the wedge was propelled a distance of ∼150 mm, attaining a maximum speed of U ∼ 0.6 mm s −1 .
To rationalize the observed propulsion speed, we appeal to an established model of convection induced by a heated, two-dimensional, semi-infinite flat plate inclined at angle ϕ with respect to the horizontal in a homogenous ambient fluid of density ρ ¼ ρ ∞ , temperature T ¼ T ∞ , constant thermal expansivity β, thermal diffusivity α, thermal conductivity λ, and kinematic viscosity ν [11] . Provided the length of the heated surface greatly exceeds the characteristic distance, l t , for the boundary-layer flow to transition from horizontal to vertical-like behavior (for the wedge, l t ∼ 1 mm ≪ l h ∼ 100 mm), a modified version of the similarity solution for a vertical boundary can be used for any slope angle [12] .
Defining x and y to be coordinates parallel and perpendicular to the heated surface, respectively, with the origin at the leading edge, and u and v to be the corresponding velocity components [see inset Fig. 1(a) ], the similarity parameter η ¼ γðxÞy=x is introduced, along with the rescaled variables [11] , fðηÞ ¼ ψðx; yÞ 5νγðxÞ ;
where ψðx; yÞ is the stream function such that ðu; vÞ ¼ ð∂ψ=∂y; −∂ψ=∂xÞ, γðxÞ ¼ ½GrðxÞ sin ϕ=5 1=5 , GrðxÞ ¼ gβqx 4 =λν 2 is the local Grashoff number at position x, q is the boundary heat flux, and g is gravity. The resulting coupled boundary layer equations are
1 Pr
where Pr ¼ ν=α is the Prandtl number. No-slip and constant heat flux are assumed at the surface of the heated plate, and u ¼ v ¼ 0 and T ¼ T ∞ as y → ∞, in which case the rescaled boundary conditions are fð0Þ ¼ f 0 ð0Þ ¼ 0, and θ 0 ð0Þ ¼ −1 and
For a given value of Pr, the similarity solutions for f and θ must be determined numerically.
To validate the applicability of the theoretical model, we used particle image velocimetry (PIV) to experimentally determine the velocity field induced by the heated surface with the wedge held stationary. Figure 2 presents the velocity field in the central vertical plane of the wedge. The boundary layer flow achieved a steady state 300 s after heating commenced and the PIV data presented is an average over a 30 s time window around 600 s after the battery was activated. Away from the boundary, a weak recirculation is visible, due to entrainment by the boundary layer flow. There was a ≲20% weakening of the flow velocity magnitude for vertical planes 20 mm either side of the central plane, and thus only a modest departure from two dimensionality for the experiments. It was not possible, however, to experimentally resolve the structure of the ∼3 mm thick thermal boundary layer using the available technology. In addition to the PIV studies, we also performed a two-dimensional, two-layer numerical simulation for a cross section of the experiment using COMSOL. Figure 3 presents a comparison of theoretical, experimental, and numerical velocity profiles for the transects indicated in Fig. 2 . For each transect, the velocity component along the wall is transformed according to Eq. (1) and scaled by the local maximum velocity u Ã ðxÞ ¼ ½5νγðxÞ 2 f 0Ã =x, f 0Ã being the maximum of f 0 ðηÞ, and the profiles are plotted as a function of the similarity variable η. In addition to the velocity profiles, theoretical and numerical rescaled temperature profiles for the same transects are presented (in red) in Fig. 3 . The values used for the PRL 2014 204501-2 physical parameters in the theoretical and numerical models are: β ¼ 2.07 × 10
, and ν ¼ 1.14 × 10 −6 m 2 s −1 , the latter two setting Pr ¼ 9.1. Although temperature influences the value of many of these parameters, within the context of this first order model we use these constant values. Setting the appropriate value of the constant boundary heat flux is not quite as straightforward as simply dividing the power supplied (21 AE 1 W) by the surface area of the heating plate (113.5 mm × 61 mm), since infrared thermal imaging in air revealed that the experimental surface was preferentially heated in the center, with ≲10% variation of the surface temperature away from the center of the plate. The best match between the experimental boundary layer flow in Fig. 3 and the analytical profile was for an effective heat flux q ¼ 5000 W m −2 , which is of the same order as the value of 3033 AE 144 Wm if the heat flux were uniformly distributed; this empirical enhancement factor of 5=3 gave very good agreement for all the velocity profiles and heat fluxes investigated.
Overall there is close agreement for all velocity profiles in Fig. 3 , demonstrating that a well-defined and understood boundary layer flow was established. There is similarly close agreement between theory and numerics for the corresponding temperature profiles, confirming the associated structure of the thermal boundary layer. We note that the characteristic Rayleigh number for this system RaðlÞ ¼ Pr GrðlÞ ≤ 10 10 ; hence, the flow is laminar, not turbulent [13, 14] .
We will now use the validated analytical and numerical models to estimate the horizontal propulsion force, F x , acting on the wedge. In so doing, we note that for the experimental parameter values, the characteristic boundary layer velocity (∼5 mm s −1 ) is an order of magnitude greater than the propulsion speed (∼0.6 mm s −1 ), and so it is reasonable to assume that the boundary layer flow persists on the moving wedge. For a two-dimensional boundary layer across the width of the wedge, the net force as a result of pressure and viscous drag is
where we have neglected temperature effects for the properties of the fluid. In terms of the scaled variables
; (5) where Gr ⋆ ¼ Grðl h Þ sin ϕ=5, and the expression in parentheses is found to vary like Pr −9=10 over the range 10 −2 < Pr < 10 3 . Figure 4 (a) presents a comparison of theoretical and numerical results for the propulsion force on the wedge as a function of the heat flux using the previously 
FIG. 3 (color online).
Comparison of experimental (*) and numerical (∘) data with the analytical model, using Pr ¼ 9.1, for the velocity (black, with a maximum near η ¼ 1) and temperature (red, monotonically decreasing from 0.8 to 0) profiles extracted along the four transects indicated in Fig. 2 . The intensity of the color (gray or red) for experimental and numerical points is an indication of the transect considered in Fig. 2 .
stated values for the other physical parameters, the numerical results confirming the theoretical prediction F x ∝ q 3=5 . The thrust force generated by natural convection causes the wedge to accelerate from rest and consequently experience a drag force, D x , that resists its motion, the nature of which depends on the Reynolds number, Re ¼ Ul=ν. To estimate drag as a function of propulsion speed, a three-dimensional COMSOL simulation was used to calculate the net force on the wedge (without a heated surface) for oncoming flow over the range of speeds 10 −8 m s −1 < U < 10 −2 m s −1 . The results are presented in Fig. 4(b) , the inset showing the drag coefficient of the wedge, C D ¼ 2D x =ρ ∞ AU 2 , where A is the cross sectional area in the direction of motion, as a function of the Reynolds number. For U < 10 −4 m s −1 and Re < 10, it is found that C D ∝ Re −1 , corresponding to predominantly viscous drag. For the range 10 −4 m s −1 < U < 10 −2 m s −1 , and Re > 10, the system transitions from viscous toward inertial drag, where C D varies little with Re. As an additional check, we investigated the potential influence on the drag force of natural convection over the heated rear surface of the wedge. Several three-dimensional COMSOL investigations for a range of heat fluxes revealed no noteworthy change.
For a given set of parameters, matching the data presented in Figs. 4(a) and 4(b) gives a prediction for the wedge propulsion speed ["model" in Fig. 4(c) ]. Additionally, and for simplicity using l as the length scale for both the wedge and the heated surface, balancing the propulsion force, Eq. (5), against a viscous drag force leads to U ∝ q 3=5 l 7=5 β 3=5 λ −3=5 α 9=10 ν −11=10 at low Reynolds numbers (i.e., D x ∝ ρνUl), whereas at high Reynolds number (i.e., D x ∝ ρU 2 l 2 ) one finds
. The most practical parameters to vary in a lab experiment are the heat flux and the viscosity.
We first ran a series of experiments using four different batteries covering the effective heat flux range 950 W m −2 < q < 9490 W m −2 for the cases of water and a sugar-water mixture; for the theoretical and numerical calculations, the physical parameters previously listed for water were used, whereas for the sugar-water solution we measured the kinematic viscosity (2.0 × 10 −5 m 2 s −1 ) and obtained other parameter values (e.g., Pr ¼ 140) from tabulated data [15] . A comparison of the experimental data and model predictions is presented in Fig. 4(c) . For the sugar-water experiments (0.7 < Re < 4), a linear fit to the data has a slope of 0.75 AE 0.18, whereas for the water experiments (36 < Re < 150) the experimental slope is noticeably shallower at 0.59 AE 0.18. These results are commensurate with the theoretical power law that transitions from 3=5 to 3=10 as the Reynolds number increases, although the predicted speeds exceed experimental values by a factor ∼5. This discrepancy is reasonable given the first-order nature of the model and several practical reasons can justify this overestimate, leading candidates being the finite size of the experimental tank enhancing drag, inhomogeneous surface heating, and the three dimensionality of the experimental system. Experiments were performed for q ¼ 5000 W m −2 using a range of sugar-water solutions (0%, 33%, 47%, and 57% by mass) corresponding to viscosities in the range 1.1 × 10 −6 m 2 s −1 ≤ ν ≤ 2.0 × 10 −5 m 2 s −1 ; the goal being to investigate the impact of kinematic viscosity on the propulsion speed that is expected to display a clear transition from a viscous regime (U ∝ ν −11=10 ) to an inertial regime (U ∝ ν −1=20 ) as the Reynolds number increases through unity. The results, presented in Fig. 4(d) , cover the range 1.9 < Re < 125. Since changes in sugar content also impact values of the other physical parameters (e.g., ∼20% and ∼40% decrease for α and λ respectively; ∼40% increase for β), this is accounted for by rescaling the measured speeds by the factor ðβ=β 0 Þ −3ϵ=10 ðλ=λ 0 Þ 3ϵ=10 ðα=α 0 Þ −9ϵ=20 , with ϵ ¼ 1 and ϵ ¼ 2 corresponding to the appropriate scaling for the inertial and viscous regimes, respectively, and β 0 , λ 0 , and α 0 being the parameter values for water. A distinct change in the functional dependence on viscosity is observed throughout the transitional range of Reynolds number covered by these experiments, consistent with the theoretically predicted scalings.
In conclusion, we have presented the first demonstration of the phenomenon of propulsion via boundary-induced natural convection. The magnitude of the propulsion speed, and its dependence on surface heat flux and kinematic viscosity are reasonably predicted using a first-order approach based on existing models for thermal boundary layer flow and drag. For the water-based environments, physical scale, and shape we have studied the propulsion speed is on the order of 1 mm s −1 . Although our work focuses on the laminar regime, it would be of interest to extend these results to the turbulent natural convection regime, with RaðlÞ ≥ 10 10 . Indeed, studies have shown that the mean velocity and temperature boundary layer profiles are similar to the laminar case except for the exponents in the power law for Gr l [16, 17] , suggesting the possibility of propulsion for this regime too. Given the ubiquity of boundary-induced natural convection in engineering and natural processes, there is potentially widespread application to topics as diverse as bioengineering, microfluidics, and geosciences. Possible research directions could be to investigate the impact of the effect on the drift of icebergs [18] or the transport of suspended material within magma chambers [19] . Because of the dependence of the effect on a wide range of physical parameters associated with the fluid and the object, there are untold physical and biological settings for which this phenomenon might warrant further investigation. Quite simply, any scenario in which an immersed object has either a different temperature than the surrounding fluid, or has an internal heat source or sink, is a candidate for consideration.
